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Fast partial decoherence of
a superconducting flux qubit in a spin bath
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Intytut Fizyki Uniwersytetu Jagiellon´skiego, ul. Reymonta 4, 30-059 Krako´w, Poland
(October 6, 2004)
The superconducting flux qubit has two quantum states
with opposite magnetic flux. Environment of nuclear spins
can find out the direction of the magnetic flux after a deco-
herence time τ0 inversely proportional to the magnitude of
the flux and the square root of the number of spins. When
the Hamiltonian of the qubit drives fast coherent Rabi oscil-
lations between the states with opposite flux, then flux direc-
tion is flipped at a constant rate ω and the decoherence time
τ = ωτ 20 is much longer than τ0. However, on closer inspection
decoherence actually takes place on two timescales. The long
time τ is a time of full decoherence but a part of quantum
coherence is lost already after the short time τ0. This fast
partial decoherence biases coherent flux oscillations towards
the initial flux direction and it can affect performance of the
superconducting devices as qubits.
PACS: 03.65.Yz, 03.67.Pp, 85.25.Dq
Quantum computers can perform certain tasks expo-
nentially faster than their classical counterparts [1]. The
basic unit of the quantum computer is a quantum bit
or qubit. Several physical implementations of the qubit
were proposed including ion traps [2], nuclear magnetic
resonance [3], quantum dots [4], single photon [5], and
two flavors of superconducting Josephson junction qubits
[6]. The solid state implementations are in principle most
easily scallable and most compatible with the existing
classical electronics, but at the same time they are the
most endangered by quantum decoherence. However, re-
cent experiments [7,8] in both types of superconducting
qubits show hundreds of coherent oscillations. This is still
far from the minimal requirements of the fault tolerant
quantum computation [9] but it makes superconducting
qubits attractive candidates for scallable quantum tech-
nology. In order to push their performance even further
it is essential to understand their quantum decoherence
better.
I. SUPERCONDUCTING FLUX QUBIT
The superconducting flux qubit is a superconducting
loop broken by one or more Josephson junctions [6]. The
junctions are designed so that the lowest two quantum
eigenstates are states with opposite magnetic flux. The
flux can range from a tiny 10−3 . . . 10−2 fraction of the
flux quantum [10] to 1/2 of the quantum [11]. The two
states span a two-dimensional Hilbert space of the qubit.
I assume convention that the state |1〉 (|0〉) with posi-
tive(negative) flux is the +1(−1) eigenstate of σz . Degen-
eracy of these two states is removed by coherent tunnel-
ing between the opposite flux states driven by the qubit
Hamiltonian:
HQ =
1
2
ω σx + µ σz . (1)
For µ = 0 the eigenstates ofHQ are the coherent superpo-
sitions of opposite magnetic fluxes |±〉 = |1〉±|0〉√
2
. These
Schro¨dinger cats were observed in two independent ex-
periments [10,11]. For µ = 0 the qubit Hamiltonian (1)
drives coherent oscillations between the states with op-
posite flux. For example, the initial state |1〉 evolves into
|1〉 cos(12ωt) − i|0〉 sin(12ωt) with an expectation value of
the flux operator
F (t) ≡ 〈 σz 〉 = cos(ωt) (2)
oscillating with the Rabi frequency ω. Damped flux os-
cillations were observed in a number of experiments [7,8]
in both types of the superconducting qubit.
The qubit Hamiltonian (1) is sufficient to perform any
one-qubit operation. Two-qubit operations are possible
thanks to inductive coupling between any two qubits [6].
Entangled eigenstates of two qubits were detected in Ref.
[12] and coherent Rabi oscillations in a system of two in-
ductively coupled qubits were observed in Ref. [8]. It
is possible to perform single-qubit NOT and two-qubit
CNOT operations in an adiabatic way [13] that, in par-
ticular, precludes excitation beyond the truncated two-
dimensional Hilbert space of the qubit. However, before
it comes to quantum computation quantum decoherence
has to be overcome first.
II. QUBIT IN A SPIN BATH
Various sources of decoherence for flux qubits have
been discussed in Ref. [14]. At relatively high temper-
atures the main source of decoherence are normal state
quasiparticles. However, density of quasiparticles is ex-
ponentially suppressed at temperatures much less than
the critical temperature. Other decoherence mechanisms
including electromagnetic radiation from the qubit or
ohmic dissipation in the environment are respectively
negligible or tractable. Nuclear spins are argued to play
a minor role. Due to relaxation the spins randomly flip
their polarization. Random spins are a source of random
magnetic field which couples to the magnetic moment of
the qubit and randomizes its quantum state. This pic-
ture is further corroborated in Ref. [16] where the spins
1
are assumed to be mutually non-interacting but each of
them is coupled to a bosonic environment. The decoher-
ence time is estimated in the range of miliseconds. The
final Eq.(47) in Ref. [16] shows that in the limit of van-
ishing nuclear spin relaxation rate (γi in Ref. [16]) the
decoherence time tends to infinity. As expected, the ex-
ternal magnetic noise vanishes for vanishing nuclear spin
relaxation rate.
However, apart from generating magnetic noise nuclear
spins can be also silent witnesses of the quantum state
of the qubit. In the limit of vanishing spin relaxation
and for negligible spin-spin interaction each spin is sim-
ply precessing in the magnetic field of the qubit. The
direction of the field and the direction of the precession
depend on the state of the qubit. This way the spins can
learn the quantum state of the qubit. Once they know
the state any quantum coherence between the states with
opposite flux is lost. This elementary argument shows
that decoherence does not vanish for vanishing spin re-
laxation.
In this paper I neglect nuclear spin relaxation. When
the relaxation rate is longer than any other relevant
timescale, like the frequency of the Rabi oscillations or
frequency of the spin precession in the magnetic field
of a qubit, then this is a very reasonable assumption.
Spin lattice relaxation is also neglected in the paper of
Prokofev and Stamp [15]. In contrast to the very general
formalism employed in Ref. [15], in this paper I apply
most elementary methods to a simple model Hamilto-
nian. This simple approach benefits with clear interpre-
tation of the results and additional insights into dynam-
ics of the decoherence process. In particular, the sim-
ple model makes it very clear that even in the absence
of any spin lattice relaxation the spin environment deco-
heres quantum state of a single qubit. The decoherence is
not an artifact of ensemble average over different static
spin configurations or an ensemble of qubits, as some-
times claimed in the literature, but a result of genuine
entanglement between the qubit and the spins.
The qubit interacting with spins is described by a
Hamiltonian
H = HQ + V + HS . (3)
Here V is interaction between the qubit and N spins
V = σz
N∑
n=1
~B(~rn) ~σ
(n) . (4)
~B(~rn) is a magnetic field of the qubit in the state |1〉 at
the position ~rn of the n-th spin. Direction of the mag-
netic field is reversed in the state |0〉 as is accounted
for by the operator σz . ~σ
(n) is a vector of Pauli matrices(
σ
(n)
x , σ
(n)
y , σ
(n)
z
)
in the Hilbert space of the n-th spin. A
unitary transformation in the Hilbert space of each spin
brings the interaction Hamiltonian to a more convenient
form
V = σz
N∑
n=1
Bn σ
(n)
x . (5)
Here Bn = | ~B(~rn)| > 0 is the strength of the qubit mag-
netic field at the location of the n-th spin.
III. EXACTLY SOLVABLE MODEL
When the magnetic field from the qubit is stronger
than magnetic fields from other spins, then spin-spin in-
teraction can be neglected, HS = 0 and
H =
1
2
ω σx + σz
(
µ+
N∑
n=1
Bn σ
(n)
x .
)
(6)
This exactly solvable spin-spin model was also considered
in Ref. [17]. The Hamiltonian (6) can be easily diagonal-
ized. The spin part of any eigenstate is
|~s〉 = |s1〉 . . . |sN 〉 . (7)
Here |sn〉 is an eigenstate of σ(n)x with an eigenvalue sn ∈
{+1,−1}. In the subspace of |~s〉 the Hamiltonian (6)
reduces to an effective qubit Hamiltonian
H(~s) =
1
2
ω σx + σz b(~s) (8)
with an effective external “magnetic field” b(~s) =
µ +
∑N
n=1Bnsn. H(~s) has eigenvalues ±Ω(~s) ≡
±
√
1
4ω
2 + b2(~s) with corresponding eigenstates propor-
tional to b|+〉 ± [Ω∓ 12ω]|−〉.
IV. PURE INITIAL STATE OF SPINS
I open discussion of decoherence with an example
where the initial state is
|ψ(0)〉 = (α|+〉+ β|−〉) |11, . . . , 1N〉 . (9)
Each spin is initially in the +1 eigenstate of its σ
(n)
z .
More general discussion is postponed to Section VIII,
where I consider an ensemble of pure initial states. How-
ever, average over the ensemble will give the same results
as the present example so all the conclusions of this Sec-
tion are also valid for the ensemble of spin states.
The Hamiltonian (6) evolves the initial state into
|ψ(t)〉 = 1
2
N
2
∑
~s
[A(t, ~s)|+〉+ B(t, ~s)|−〉] |~s〉 ,
A(t, ~s) = e−iΩt b αb− β(
1
2ω − Ω)
b2 + (12ω − Ω)2
+
e+iΩt b
αb− β(12ω +Ω)
b2 + (12ω +Ω)
2
, (10)
2
B(t, ~s) = −e−iΩt (1
2
ω − Ω) αb− β(
1
2ω − Ω)
b2 + (12ω − Ω)2
+
−e+iΩt (Ω + 1
2
ω)
αb− β(12ω +Ω)
b2 + (12ω +Ω)
2
, (11)
This state is an entangled state of the qubit and the
spins: the state of the qubit A(t, ~s)|+〉 + B(t, ~s)|−〉 de-
pends on the state of spins |~s〉. The state of the qubit can
be described by reduced density matrix ρ(t) obtained by
taking a partial trace over the spins:
ρ(t) ≡ TrS |ψ(t)〉〈ψ(t)| = 1
2N
∑
~s
( A∗A , AB∗
A∗B , BB∗
)
. (12)
This matrix form is given in the basis of |±〉 states of
the qubit. ρ(t) is in general a mixed state as can be
most conveniently measured by its “quadratic entropy”
S(t) = 1 − Trρ2(t) ∈ [0, 12 ] introduced in Ref. [18]. The
initial state is pure, S(0) = 0, but in general S(t) grows
as the interacting qubit and spins get entangled and the
state of the qubit is loosing its initial coherence.
The most right hand side of Eq.(12) can be formally
interpreted as an average over all possible states of spins,
or over all possible sets ~s of N independent random vari-
ables sn. In the limit of large N the effective magnetic
field b(~s) = µ+
∑N
n=1Bnsn becomes a gaussian variable
with a mean of µ and a variance of NB2 ≡ ∑Nn=1B2n.
In this limit the sum in Eq.(12) can be approximated by
an integral,
ρ(t) =
∫ +∞
−∞
db
e−
(b−µ)2
2NB2√
2πNB2
( A∗A , AB∗
A∗B , BB∗
)
. (13)
This density matrix is formally an average over different
values of the static magnetic noise b generated by dif-
ferent static spin configurations. The mixed state of the
qubit results from an average over different pure states
of the qubit, each of them evolved from the same initial
state but with a different value of b in the Hamiltonian
(8). However, as the derivation of Eq.(13) demonstrates,
this is not an average over different realizations of the
experiment with different static configurations of nuclear
spins, but it is an average over a superposition of different
states of spins present in a single realization of the exper-
iment. This is genuine decoherence due to entanglement
with the spin bath.
In the following sections special cases of this exact solu-
tion are worked out in more detail. I begin with the sim-
plest case when the frequency of Rabi oscillations ω = 0.
V. NO RABI OSCILLATIONS
The density matrix (13) becomes particularly simple in
the absence of flux oscillations when we can set Ω(~s) =
b(~s) and
A = α cos bt− iβ sin bt ,
B = β cos bt− iα cos bt .
The productsA∗A orA∗B in the density matrix (13) con-
tain oscillatory terms proportional to e±2ibt. The average
over b in Eq.(13) dephases these oscillations to zero,
∫ +∞
−∞
db
e−
(b−µ)2
2NB2√
2πNB2
e±2ibt = e±2iµte−2NB
2t2 , (14)
after decoherence time
τ0 =
1
2
√
NB2
. (15)
It is instructive to write the density matrix (13) in the
basis of σz-eigenstates
ρ(t) =
1
2
× (16)
 |α+ β|2 , (α+ β)(α∗ − β∗)e− t
2
2τ2
0
+2iµt
(α∗ + β∗)(α − β)e−
t2
2τ2
0
−2iµt
, |α− β|2

 . (17)
The off-diagonal coherences between the σz-eigenstates
are destroyed after the decoherence time of τ0 when the
density matrix becomes diagonal in this basis. This is
not quite surprising because the σz eigenstates are eigen-
states of both the interaction Hamiltonian V and the
qubit Hamiltonian (ω = 0) - they are the ideal pointer
states of Ref. [19]. Quadratic entropy of the state (17)
grows like
S(t) =
1
2
|α+ β|2|α− β|2
(
1− e−
t2
τ2
0
)
. (18)
The only case when the state of the qubit remains pure,
or S(t) = 0, is when the initial state is one of the σz-
eigenstates (α = ±β). This is another fundamental prop-
erty of the pointer states.
VI. FAST RABI OSCILLATIONS
When Rabi oscillations are much faster than the inter-
action with the spin bath, then we have a small parameter
ǫ2 =
4NB2
ω2
≪ 1 . (19)
The matrix elements in the density matrix (13) contain
oscillatory terms which can be approximated as
e±2iΩt = e±2it
√
1
4ω
2+b2 ≈ e±iωt
[
1+ 4µ
ωµ
(b−µ)
ωµ
+ 2ω
2
ω2µ
(b−µ)2
ω2µ
]
(20)
with ω2µ = ω
2+4µ2. In this expansion I use the assump-
tion (19) that (b−µ)ωµ ≃ ǫ≪ 1.
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Assuming further that the bias µ is weak as compared
to ω,
µ2 ≪ ω2 , (21)
the density matrix can be approximated by its leading
order term in both µ and (b− µ):
ρ(t) =
( |α|2 , αβ∗z∗(t)e−iωt
α∗βz(t)eiωt , |β|2
)
(22)
with the coherence function
z(t) =
exp
(
− t2
2τ2µ(1−i tτ )
)
(
1− i tτ
)1/2 . (23)
This function comes from an average of the approximate
(20) over the gaussian variable b. z(t) has two time scales
τ =
τ0
ǫ
≪ τ0 , (24)
τµ =
τ0(
2µ
ω
) ≪ τ0 , (25)
both of them are much longer than the decoherence time
τ0 in the absence of Rabi oscillations. The coherence
function z(t) determines both the entropy growth
S(t) = 2|α|2|β|2 (1− |z(t)|2) , (26)
and coherent flux oscillations
F (t) = Trρ(t)σz =
1
2
[
z(t)eiωt + c.c.
]
. (27)
starting from the initial +1 eigenstate σz . The exact
solution (22) can be best understood in limiting cases.
For times t ≫ τ the coherence function can be ap-
proximated by z(t≫ τ) =√ τt exp i(π4 − τ2τ2µ t
)
and the
coherence decay is characterized by the power laws:
S(t≫ τ) = 2|α|2|β|2
(
1− τ
t
)
, (28)
F (t≫ τ) =
√
τ
t
cos
[
π
4
+
(
ω − τ
2τ2µ
)
t
]
. (29)
Apart from the shift in the frequency of oscillations, in
the regime of t≫ τ the coherence decay does not depend
on τµ. This power law decay of flux oscillations was also
derived in Ref. [17]. Both the entropy growth and the
decay of flux oscillations are due to the decay of the same
coherence function z(t) in the density matrix (22). Thus,
contrary to Ref. [17], it is not possible to see oscillations
after decay of quantum coherence: flux oscillations are
coherent flux oscillations.
When t ≪ τ the coherence function is z(t ≪ τ) =
exp
(
− t22τ2µ
)
and the decay of coherence is gaussian:
S(t≪ τ) = 2|α|2|β|2
(
1− e−
t2
τ2µ
)
, (30)
F (t≪ τ) = e−
t2
2τ2µ cosωt . (31)
When the bias µ is stronger than the influence of spins,
NB2 ≪ µ2 ≪ ω2, then τµ ≪ τ and the gaussian decay of
coherence is completed before crossover to the power law
decay after τ . For a weak bias, µ2 ≪ NB2 ≪ ω2, the
coherence decay is a power law. The coherence decays
most slowly when the bias µ = 0. The power law (29)
and gaussian (31) decays are consistent with the decays
derived in Ref. [20] from a model with a non-markovian
external noise, compare also Ref. [22]. Here, these re-
sults follow from a microscopic description of quantum
decoherence in a bath of non-interacting spins.
After decoherence the density matrix (22) becomes di-
agonal in the basis of σx-eigenstates. What is more the
entropy remains zero, S(t) = 0, only when α = 0 or β = 0
i.e. when the initial state of the qubit is an eigenstate of
σx. This is not quite surprising because when HQ dom-
inates over V and HS , then the eigenstates of HQ are
expected to be the pointer states [21].
VII. EARLY TIME PARTIAL DECOHERENCE
The density matrix (22) is the leading order term in
the expansion of the exact density matrix (13) in powers
of bω ≃ ǫ. In this Section I include higher order terms.
For the sake of simplicity I consider only the optimal case
of zero bias when µ = 0.
The products A∗B etc. in the exact density matrix
(13) are expanded up to second order in powers of bω . The
oscillatory factors e±iΩt are approximated as in Eq.(20).
After these two approximations the gaussian integral over
b in Eq.(13) gives the approximate density matrix accu-
rate up to second order in ǫ
ρ(t) =
(
P , C∗
C , 1− P
)
(32)
with matrix elements
P (t) = |α|2 − (33)
1
2
ǫ2
(|α|2 − |β|2) [1− eiωtz3(t) + c.c.
2
]
,
C(t) = α∗βz(t)eiωt +
1
4
ǫ2 (α∗β + c.c.)
[
2− eiωtz3(t)] −
1
4
ǫ2
[
α∗βeiωtz3(t) + c.c.
]
. (34)
Here P (or 1−P ) is a probability to find the qubit in the
state |+〉 (or |−〉) and C is quantum coherence between
these states. The z(t) is the function (23) with zero bias
µ = 0 or τµ =∞.
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For µ = 0 the function z(t) has only one timescale τ .
The regime t≫ τ has been considered in the proceeding
Section. In the opposite regime of early time we can
approximate z(t ≪ τ) = 1 in Eqs.(33,34) and get the
entropy
S(t≪ τ) = (35)
ǫ2(1 − cosωt){|α|4 + |β|4 − [(α∗β)2eiωt + c.c.]} (36)
No matter what is the initial state, defined by α and β,
this entropy does not remain zero but fluctuates with an
amplitude proportional to ǫ2, see Fig.1. This fluctuating
entropy means partial loss of coherence.
This partial early time decoherence also shows in flux
oscillations. The initial state α = β = 1√
2
leads to flux
oscillations
F (t) ≡ Tr σzρ(t) = ǫ2 + (1− ǫ2) cosωt . (37)
Unlike the coherent flux oscillation between +1 and −1
in Eq.(2) this flux oscillates between +1 and −1 + 2ǫ2,
see Fig.2. The amplitude of the coherent oscillation is
reduced due to the partial decoherence. The oscillation
is also biased towards the initial positive value of F . Sim-
ilar effect was also predicted recently in the spin-boson
model [23]. Here it follows from the simple and explicitly
solvable spin-spin model. The effect seems to be generic
feature of a non-markovian environment.
Fast Rabi oscillations make the time of full decoherence
τ much longer than the decoherence time τ0 without Rabi
oscillations. When the flux oscillates many times before
the spins can learn its orientation, then it takes the spins
much longer time to learn the state of the qubit than
in the static case. On a long timescale covering many
flux oscillations the oscillating magnetic field measured
by the spins effectively averages out to zero. This is the
key idea of the quantum bang-bang control introduced in
Ref. [24]. However, this argument does not apply before
the first period of oscillation is completed. On this short
timescale the magnetic field of the qubit is effectively
static and during this short time the spins have a chance
to get a rough idea about its orientation. The spins more
or less realize that the initial flux in Eq.(37) is +1 and
this fuzzy knowledge biases the following oscillations in
F (t) towards this positive value. The state of the qubit
is partially “collapsed” towards the state with positive
flux. This qualitative argument becomes more substan-
tial when we take as an initial state the equal superposi-
ton of states with opposite flux |+〉 (or α = 1, β = 0)
and compare the two expressions for entropy, one valid
for fast Rabi oscillations (36) at an early time long be-
fore the first period of oscillations is completed i.e. for
ωt ≪ 1, and the other in the absence of any oscillations
(18). For such early times both formulas are the same,
S(ωt≪ 1) = t
2
2τ20
, (38)
demonstrating that the early time partial decoherence
takes place on the timescale τ0 as if there were no Rabi
oscillations at all.
Fast Rabi oscillations postpone full decoherence after
τ but they do not prevent partial decoherence already
after τ0. This effect may affect scallability of the su-
perconducting flux qubit technology. The partial loss of
coherence ≃ ǫ2 is small in a single qubit, but it scales
together with the number of qubits Nqubits as Nqubitsǫ
2
and limits the number of qubits to
Nqubits ≪ 1
ǫ2
. (39)
Obviously, this upper bound does not apply when quan-
tum error correction is performed much faster than τ0.
VIII. ENSEMBLE OF SPINS STATES
So far the initial state of spins was a special pure state.
In this Section I assume the unbiased initial ensemble of
all possible spins’ states described the unit density matrix
of spins 1S . The initial state of the qubit and the spins
is
ρQS(0) = (α|+〉+ β|−〉) (α∗〈+|+ β∗〈−|) ⊗ 1S .
(40)
The unit matrix 1S can be expressed in any basis of spins
states but a representation 1S =
1
2N
∑
~s |~s〉〈~s| most di-
rectly leads to the reduced density matrix of the qubit
ρ(t) ≡ TrSρQS(t) = 1
2N
∑
~s
( A∗A AB∗
A∗B BB∗
)
. (41)
This density matrix is identical with the density matrix
(12) obtained from the initial pure state in Eq.(9). All
the results derived from the pure state pass without any
modification to the ensemble. The initial state 1S can be
also interpreted as a high temperature thermal state of
nuclear spins.
IX. ESTIMATES
In this Section I attempt to make some numerical es-
timates. For example, in the qubit design considered
in Ref. [16] the parameters are estimated as: N = 108,
B = 104...5s−1 and ω = 109s−1. These numbers lead to
τ0 = 10
−8...−9s, ǫ2 = 10−2...0, and τ = 10−7...−9s. In
the best case of ǫ2 = 10−2 one can see ωτ = ǫ−2 = 102
of coherent flux oscillations before the decoherence time
τ . Thus it is possible to see hundreds of oscillations as
in the experiments [7]. For the same parameters the
fast partial decoherence limits the number of qubits to
Nqubits ≪ 102. These numbers leave, however, an en-
couraging room for current experiments.
5
X. CONCLUSION
The environment of spins is a witness to the quantum
state of the superconducting flux qubit. The qubit gets
entangled with spins after a decoherence time τ0. Co-
herent flux oscillations driven by the qubit Hamiltonian
postpone full decoherence after a much longer time τ , but
they do not prevent partial decoherence already after τ0.
This partial decoherence biases the flux oscillations to-
wards the initial orientation of the flux.
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FIG. 1. Entropy S(t) according to the exact Eq.(13) for
ω = 1, µ = 0, ǫ = 0.1, and α = β = 1√
2
. The timescale for full
decoherence is τ = 400 and the early time partial decoherence
sets in on the timescale τ0 = 10. The inset shows the entropy
at early times. The non-vanishing early time entropy means
partial decoherence.
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FIG. 2. Flux F (t) according to the exact Eq.(13) for ω = 1,
µ = 0, ǫ = 0.2, and α = β = 1√
2
. As a result of the fast partial
decoherence the flux oscillation is biased towards the initial
F (0) = +1.
[1] M.A. Nielsen and I.L. Chuang, Quantum Computation
and Quantum Information, Cambridge University Press,
2001.
[2] D. Kielpinski, B.E. King, C.J. Myatt, et al., Phys.Rev.A
61, 032310 (2000).
[3] E. Knill, R. Laflamme, R. Martinez, and C.H. Tseng,
Nature 404, 368 (2000); L.M.K. Vandersypen, M. Stef-
fen, G. Breyta, C.S. Yannoni, M.H. Sherwood, and
I.L. Chuang, Nature 414, 883 (2001).
[4] R. Hanson et al., cond-mat/0303139; D. Loss and
D.P. DiVincenzo, Phys.Rev.A 57, 120 (1998).
[5] E. Knill, R. Laflamme, and G.J. Milburn, Nature 409,
46 (2001).
[6] Y. Makhlin, G. Scho¨n and A. Shnirman, Rev.Mod.Phys.
73, 357 (2001).
[7] Y. Nakamura, Yu.A. Pashkin, and J.S. Tsai, Nature
398, 786 (1999); J.R. Friedman, V. Patel, W. Chen,
S.K. Tolpygo, and J.E. Lukens, Nature 406, 43 (2000);
C.H. van der Wal, A.C.J. ter Haar, F.K. Wilhelm, R.N.
Schouten, C. Harmans, T.P. Orlando, S. Lloyd, and J.E.
Mooij, Science 290, 773 (2000); I. Chiorescu, Y. Naka-
mura, C.J.P.M. Harmans, and J.E. Mooij, Science 299,
1869 (2003); D. Vion, A. Aassime, A. Cottet, P. Joyez,
H. Pothier, C. Urbina, D. Esteve, and M.H. Devoret,
Science 296, 886 (2002); J.M. Martinis, S. Nam, J. Au-
mentado, and C. Urbina, Phys. Rev. Lett. 89, 117901
(2002); E. Il’ichev, N. Oukhanski, A. Izmalkov, Th. Wag-
ner, M. Grajcar, H.-G. Meyer, A. Yu. Smirnov, A.M. van
den Brink, M.H.S. Amin, and A.M. Zagoskin, Phys. Rev.
Lett. 91, 097906 (2003); T. Duty, D. Gunnarsson, K.
Bladh, R.J. Schoelkopf, P. Delsing, cond-mat/0305433.
[8] Yu. A. Pashkin, T. Yamamoto, O. Astafiev, Y. Naka-
mura, D.V. Averin, and J.S. Tsai, Nature 421, 823
(2003).
6
[9] P.W. Shor, Phys.Rev.A 52, 2493 (1995).
[10] C.H. van der Wal, A.C.J. ter Haar, F.K. Wilhelm,
R.N. Schouten, C.J.P.M. Harmans, T.P. Orlando,
S. Lloyd, and J.E. Mooij, Science 290, 773 (2000).
[11] J.R. Friedman, V. Patel, W. Chen, S.K. Tolpygo and
J.E. Lukens, Nature 406, 43 (2000).
[12] A. Izmalkov, M. Grajcar, E. Il’ichev, Th. Wagner, H.-
G. Meyer, A.Yu. Smirnov, M.H.S. Amin, A. Maassen van
den Brink, A.M. Zagoskin, cond-mat/0312332.
[13] V. Corato, P. Silvestrini, L. Stodolsky, J. Wosiek,
Phys.Lett.A 309, 206 (2003); Phys.Rev.B 68, 224508
(2003).
[14] T.P. Orlando, J.E. Mooij, L. Tian, C.H. van der Wal,
L.S. Levitov, S. Lloyd and J.J. Mazo, Phys.Rev.B 60,
15398 (1999).
[15] N. Prokofev and P. Stamp, cond-mat/0006054;
Rep.Prog.Phys.63, 669 (2000).
[16] G. Rose and A.Yu. Smirnov, J.Phys.: Condens. Matter
13, 11027 (2001).
[17] V.V. Dobrovitski, H.A. De Raedt, M.I. Katsnelson, and
B.N. Harmon, Phys.Rev.Lett. 90, 210401 (2003).
[18] W.H. Zurek, S. Habib, and J.P. Paz, Phys.Rev.Lett. 70,
1187 (1993).
[19] W.H. Zurek, Phys.Rev.D 24, 1516 (1981); Phys.Rev.D
26, 1862 (1982).
[20] K. Rabenstein, V.A. Sverdlov, and D.V. Averin, cond-
mat/0401519.
[21] J.P. Paz and W.H. Zurek, Phys.Rev.Lett. 82, 5181
(1999).
[22] Y. Makhlin and A. Shnirman, cond-mat/0308297; cond-
mat/0312585.
[23] D. Loss and D.P. DiVincenzo, cond-mat/0304118.
[24] L. Viola and S. Lloyd, Phys.Rev.A 58, 2733 (1998).
7
